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The motion of a vortex beneath the surface of a heavy fluid has been discussed in both linear 
[1, 2] and nonlinear [3-5] formulation. The density of the upper medium is neglected, which 
makes it possible to replace  the continuity of p ressure  during transi t ion through the boundary 
between the media by constancy of the pressure  at the boundary of the heavy fluid. In this 
paper,  the problem is solved in a general  nonlinear formulation, including the mutual effects 
of media motion, and the vortex can be in either the upper or lower medium. Steady-state 
motion of a vortex of given intensity near the boundary between two heavy fluids is discussed 
fn t e rms  of a model of an ideal and incompressible  medium. Approximate express ions  a re  
obtained for the boundary. 

Inthe plane of the complex variable z = x + iy we consider s teady-sta te  motion of a medium consist ing 
of two ideal incompressible  fluids with densit ies p+ and P_ in a gravitational field with the potential gy. 

Let  the medium at infinity move along the x axis at a velocity v.~ and let there be a vortex of intensity 
P at the point z = ih (Fig. 1). 

We designate by D+ and D_ the flow regions  of the fluids with respect ive  densit ies p+  and P_; the 
complex velocities of the fluids in these regions are  U+ and u_. We assume that the fluid with lower densi-  
ty (p+ < p_) is above the boundary L, the equation for which in parametr ic  form is 

z=](;) ( ;=e~ ,  o < r < 2 . ) .  

Under the assumptions made, the problem reduces  to a determination of the function u_ (z), which is 
analytic everywhere in the region D_, of the function ~ ( z ) ,  which is analytic in D+ with the exception of the 
point z = ih where it has  a pole of f i rs t  order ,  and of the shape of the boundary z = f ( [ )  under the following 
conditions: 

Im [~+ (/(;))/' (;) ;l--0; <1) 

Fr Fr 
Ira(z) ---2- = ---~- [[u- (z)12 q- e (In- (z)l~ " [u+ (z) I~)1, z = f(~); (2) 

v, lim u+ (z) = l, 
I z l - ~  

o+ ~ where 
p_ o] ae- 

13 I 

I Fr = vz~/gb; e = p+/(p_--  p+), 

Fig. 1 

(3) 
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The conditions (1)-(3), respect ive ly ,  r ep re sen t  the condition of kinematic consis tency of the flows, the con- 
dition of continuity of p re s su re  during the t ransi t ion through the boundary of the media, and the condition 
of damping of perturbed veloci t ies  at infinity. 

We reduce this nonlinear problem containing the three unknown functions u+(z), u_(z), and f ( [ )  to a 
problem involving a single unknown function. 

Let the function f(w) Conformally map the inter ior  of the c i rc le  lw I < 1 onto the region D+ so that the 
point w = i t r ans fo rms  into the point of infinity and the point w = 0 to the point z = ih. The function q (~b) 
conformal ly  maps the inter ior  of the c i rc le  151 < 1 on the region D_ where the point $ = i t r a n s f o r m s  into 
the point of infinity and the point $ = 0 onto the point z = - i h .  We introduce the function ql (w), which is 
analytic inside the c i rc le  lwl < 1, such that 

Iq1(;)1=t,  1~.1=t, ](~)----q(q~(~)), l ; l = a .  

We consider  the functions 

G+(w)=u-+(](w))f (w); G_(w)=u_(q(q(w)))f (w). (4) 

In accordance  with the singulari t ies  of the functions u+(z), u_(z), and f (w)  the function G+(w) must  have a 
pole of f i rs t  order  at the point w = 0 and a pole of second order  at the point w = i, and the function G_(w) 
must  be analytic everywhere  within the c i rc le  ]wt < 1 and have a pole of second order  at the point w = i. 
The condition (1) for these functions will be 

R e t G A ; ) .  ; ] = 0 ,  I ; 1= t .  (~) 

Taking the singulari t ies  of the functions G+(w) and G_(w) into account  together  with the conditions (3) 
and (5), we write them in the following way: 

a2 ia l .  as 
a +  (w) = (~ _ O~ ~ ,  G_  (w) = i~ - ~)~ ' (6) 

where a 1 and a 2 a re  a rb i t r a ry  rea l  numbers .  The p res su re  continuity condition (2) makes  it possible to ob- 
tain an equation for determining the mapping function: 

(Ira (J)--- 11'[~ -- --  T 11G-12 + e ([G_[ 2 --  IG+I')]. (7) 

Thus the original problem is reduced to a search  for a solution to Eq. (7) for the function f(w) and to 
a determination of the constants a t and a 2. 

We shall look for a function f (w)  in the form 

l(w)= ~ h(w)s ~. (8) 
h = O  

Then, equating coefficients of like powers of ~, we obtain the following r ecu r s ion  relat ions for the de te rmi -  
nation of the functions f k  (w) = (k = 0, 1 . . . .  ): 

(,m (Io)-  )lf0/' = I:-j'; (9) 

Fr I/'ol 2 Im fix) + gl Im  fro) = - -  ~ -  (IG-I * - -  IG§ 

k 

I/ol ~ Im (fk) = -- ~ gp Im (]~_~), k = 2, 3 . . . . .  

(1o) 
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0 ~ ;9C 

where 

P t - ,  

gp~ Y, l d p - .  p = O , l  . . . . .  
s = O  

~ O>a>-0,5 
l 

+ �9 

y 

1 0 

I 

a <-O,5 
3 c ~  

I 

Fig. 2 

Without d iscuss ing  in detai l  the question of the convergence  of the 
s e r i e s  (8), we p0in-{out that the p a r a m e t e r  e is  ve ry  sma l l  (e ~ 10 -s) for 
such media  as a i r - w a t e r .  We the re fo re  confine ou r se lves  to the f i r s t  
two t e r m s ,  f0  and f l ,  in the expansion (8) a s suming  that the modulus of 
the functions f k  does not inc rease  rap id ly  as  k i nc r ea se s .  

Using condition (3) and the fact  that  the point w = i t r a n s f o r m s  into 
the point at infinity and the point w = 0 into the point z = ih, we obtain a 
solution of Eqs.  (9) and (10) in the f o r m  

/ (W) c ih 4- 2iv( 3 ~ ~ a  u,--~. --4-a ~- I -- v(a + i ) w - - ~ - ~ w  , (11) \ / 

where  

Fig. 3 

v=eFra l /h ;  a = a J h ;  c = - - 2 h + 2 v ( 3 a +  l). (12) 

Knowing the mapping function f (w) ,  we find the veloci ty of the fluid 
in the reg ion  D+ f r o m  Eqs.  (4) and (6), 

u +  ( z )  = 1 -~ ~ (z - +h) ~ (~ + ~h) 4 -  ~ - -  (z 4-  ~h)~ 

1 

3ih2a(a.4-2) . __.2haa~ I 
(= + +h)++ +- ~ J 

The f i r s t  th ree  t e r m s  de te rmine  the fluid veloci ty  for motion of a vor tex  of intensi ty F = 21r a 1 in the neigh- 
borhood of a sc reen ,  and the r ema in ing  t e r m s  take into account the change in the shape of the boundary.  

Using s im i l a r  a rgument s ,  we show that  the function q (r has  the +form 

+ 

) q (+) =- - -  r ------7- -b ih 4- 2i~ - ~ - a + l  - - ~ ( a + l ) ~ b - - ~ t p ,  

where  

d ~  2h + 2 v ( + a  + 1), 

and the veloci ty  of the fluid in the region D_ is 

~(2+a)h  2ia~ i, 7~_ (s) = t + ~ [ ~  (= - ih)3j" 

Using Eq. (11) or (13), the equation for  the boundary between the fluids can be wri t ten  in the fo rm 

7 4 - v f  
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where  a and v a r e  given by Eqs.  (12), where  a 1 = F/21r. 

The var ia t ion  in the shape of the line L as  a function of the p a r a m e t e r  a, which c h a r a c t e r i z e s  the In-  
tens i ty  of the vor tex  and its c loseness  to the boundary,  is shown in Fig.  2. When a > 0, the vor tex  i n c r e a s e s  
the veloci ty  of the upper  fluid in the neighborhood of the boundary,  leading to a d e c r e a s e  in the p r e s s u r e  on 
the lower fluid and a r i s e  of that  fluid. When - 0 . 5  < a < 0, the vor tex  dece le ra t6s  the motion of the upper  
fluid nea r  the boundary with a consequent  depress ion  of the fluid immedia t e ly  beneath  the vor tex .  The 
marked  change in the shape of the line L when a<  - 0 . 5 ,  namely ,  the appea rance  of two min ima  xI,2 = 
�9 h 4 = 2 a - 1  at which the value of the function is unchanged as the p a r a m e t e r  a d e c r e a s e s  hr (xt,z) = - F r  �9 
e / 2 ] ,  is caused by  the c rea t ion  of two c r i t i ca l  points on the boundary between the fluids: 

Now let  the vor tex  be in the denser  fluid (at the point z = - i h ) .  Then the functions G+(w) and G_(w) 
change p laces ,  

a,~ _ a2 ia l  
a+(w)=(w_O~;  G_(w) ( - -)~ ~ '  

however ,  Eq. (9) will not have so s imple  a solution as  in the prev ious  case .  If one r e p r e s e n t s  the mapping  
function in the f o r m  of a s e r i e s  in powers  of a(Ial << 1) 

! (~) = h (w) P ,  
k=O 

we obtain equations for  the de te rmina t ion  of the functions f0  (w) and f i  (w) s im i l a r  to Eqs. (9) and (10), 
which when solved yield 

/ ( w )  = w c + �9 _~ §  ilt---~w. 

H e r e  

~=2Fr( l  §  c=2h  + ~t. 

In this case ,  the fluid veloci ty  in the reg ion  D_ has the f o r m  

ax al  Ix (al  -q- h) 2~tiha~ 
u _  (z) = 1 4 ~ (z + ~h) ~(=-- ih) (~-- ~h)~ 4- (~--~h)~ ' 

the mapping function q ($) and the fluid veloci ty  in the region D+ a re ,  r e spec t ive ly ,  

q (~P) = : ~ - Z  - ~h + 

~h 

The line of densi ty discontinuity of the fluids has  the shape of a single wave,  the cu rva tu re  of which depends 
on the sign of the c i rcula t ion  (Fig. 3) 

i~h~ 
g ~  a.2_:~h ~" 
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